Abstract. We compute a lower bound for the dimension of a triangulated category, given that a certain finite generation hypothesis holds for cohomology. The bound is given in terms of the complexity of pairs of objects. We then apply the theory to the stable derived categories of complete intersections and of certain Artin algebras, and obtain lower bounds for the representation dimensions of the latter.
Introduction
The notion of the dimension of a triangulated category was introduced by Rouquier in [Ro1] . Roughly speaking, it corresponds to the minimum number of steps needed to generate the category from one of its objects. Using this concept, Rouquier showed in [Ro2] that the representation dimension of the exterior algebra on a d-dimensional vector space is d + 1, thereby obtaining the first example of an algebra whose representation dimension exceeds three. Other examples of this were subsequently given in [AvI] , [Be2] , [BeO] , [KrK] , [Op1] and [Op2] .
In this paper we study triangulated categories whose cohomology is finitely generated over a commutative Noetherian graded ring acting centrally. We compute a lower bound for the dimension of such a category, in terms of the complexity of pairs of objects. As an application, we obtain lower bounds for the dimensions of the stable derived categories of commutative local complete intersections and of certain Artin algebras. In particular, we show that the representation dimension of such an Artin algebra is at least one more than the maximal complexity occurring among its modules.
Complexity and dimension
Throughout this paper, we fix a commutative ring k and a k-linear triangulated category T whose homomorphism groups have finite length as k-modules. Thus for any objects X, Y, Z ∈ T the set of morphisms Hom T (X, Y ) is a k-module of finite length, and composition
is k-bilinear. In addition, whenever we are dealing with modules over some ring, we mean left modules.
In [Ro1] , Rouquier introduced the notion of the dimension of a triangulated category. We recall here the definition. Let C and D be subcategories of T . We denote by C the full subcategory of T consisting of all the direct summands of finite direct sums of shifts of objects in C. Furthermore, we denote by C * D the full subcategory of T consisting of objects M such that there exists a distinguished triangle
in T , with C ∈ C and D ∈ D. Now define C 1 to be C , and for each n ≥ 2 define inductively C n to be C n−1 * C . The dimension of T , denoted dim T , is defined as dim T def = inf{d ∈ Z | there exists an object M ∈ T such that T = M d+1 }.
In other words, the dimension of T is the minimum number of steps needed to obtain T from one of its objects. The aim of this paper is to give a lower bound for the dimension of a triangulated category, given a certain finite generation hypothesis in cohomology. This lower bound is expressed in terms of the complexities of the ordered pairs of objects of the category, a notion we now define. Let V be a positively graded k-module of finite type, that is, there is a decomposition V = ∞ n=0 V n where each V n is a k-module of finite length. The rate of growth of V , denoted γ(V ), is defined as
where ℓ k (−) denotes the k-length. Given an ordered pair (X, Y ) of objects of T , denote the graded k-module
In general this need not be finite, whereas it is zero if and only if Hom T (X, Y [n]) = 0 for n ≫ 0. In the following result we record some elementary results on the behavior of complexity under shifts and on triangles.
Proposition 2.1. For any objects X, Y, X 1 , X 2 , X 3 ∈ T , the following hold.
(
Proof. (i) Take any i ∈ Z. Given objects U, V ∈ T , the k-modules Hom T (U, V ) and
(ii) The given triangle induces a long exact sequence
in cohomology, from which we obtain an exact sequence
of graded k-modules. This shows that cx T (X 2 , Y ) is at most the maximum of cx T (X 1 , Y ) and cx T (X 3 , Y ). The other inequalities are obtained similarly.
(iii) The equalities follow from the fact that Hom T (−, −) commutes with finite direct sums in both variables.
Using these properties, we obtain the following result, which shows that an object X ∈ T has maximal complexity among the objects in
Recall that a subcategory of a triangulated category is thick if it is triangulated and closed under direct summands. From Proposition 2.1 we see that for any integer n ≥ 0 and any object Y ∈ T , the two full subcategories
We end this section with an example, which shows that the notion of complexity in triangulated categories generalizes that of the "normal" complexity for modules over Artin algebras. We recall first the definition of the latter. Suppose k is Artin, let Λ be an Artin k-algebra, and let M be a finitely generated Λ-module. Then there exists a minimal projective resolution
of M , and this unique up to isomorphism. The complexity of M , denoted cx M , is defined as
Note that M has complexity zero if and only if its projective dimension is finite.
Example. Suppose k is Artin, let Λ be an Artin k-algebra with Jacobson radical r, and denote by D b (Λ) the bounded derived category of finitely generated Λ-modules. It is well known that for any finitely generated Λ-module M , the complexity cx M of M equals γ [Ext * Λ (M, Λ/r)]. Now for all finitely generated Λ-modules X and Y there is an isomorphism Ext
) for every n. Therefore the complexity of M coincides with cx D b (Λ) (M, Λ/r).
Finitely generated cohomology
Given a finite group G and a field K whose characteristic divides |G|, the group cohomology ring H * (G, K) = Ext * KG (K, K) is a graded commutative Noetherian ring (cf. [Eve] ). For every finitely generated KG-module X, tensor product over K induces a homomorphism (i) for every M ∈ mod Λ there is a graded ring homomorphism
(ii) for each pair (X, Y ) of finitely generated Λ-modules, the scalar actions from H on Ext * Λ (X, Y ) via φ X and φ Y coincide, and Ext * Λ (X, Y ) is a finitely generated H-module.
As mentioned above, this hypothesis holds for group algebras of finite groups. Moreover, it holds for a k-projective Artin k-algebra with a Noetherian Hochschild cohomology ring over which all cohomology groups Ext * (M, N ) are finitely generated (cf. [EHSST] ). A similar finite generation hypothesis holds for commutative local complete intersections (cf. [Avr] ). It was shown in [Be2, Theorem 3 .1] that when this holds and Λ is selfinjective, then the dimension of the stable module category modΛ is at least one less than the maximal complexity occurring among the Λ-modules. In view of [Ro2, Proposition 3.7] , this implies that the representation dimension of Λ is strictly greater than the maximal complexity. Consequently, lower bounds were obtained on the representation dimension of Artin algebras in various settings (cf. [Be2, .5]), some of which were known from [AvI] , [Op1] and [Ro2] .
One aim of this paper is to generalize [Be2, Theorem 3 .1] to triangulated categories. That is, to obtain a lower bound on the dimension of a triangulated category in terms of complexity of objects. Recall that the center of T is a commutative Z-graded ring Z T , where for each n ∈ Z the degree n component (Z T ) n is the set of natural transformations Id 
, where m is a non-negative integer, the scalar product gf is the composition
commutes, and so since
we see that gf = f g. This shows that the center Z T of T acts centrally on Hom
, that is, the left and right scalar actions coincide.
We now introduce the following finite generation hypothesis on our triangulated category T :
Assumption (Finite generation hypothesis for categories -Fgc). There exists a commutative Noetherian graded k-algebra H = ∞ i=0 H i of finite type, and a graded ring homomorphism H → Z T under which Hom + T (X, Y ) is a finitely generated H-module for all objects X, Y ∈ T .
A consequence of forcing this assumption on our category T , is that the complexity of a pair of objects is always finite. Namely, given objects X and Y , their cohomology Hom + T (X, Y ) is a finitely generated H-module, and so the inequality γ Hom
Since H is Noetherian, it is generated as a k-algebra over H 0 by a finite set of, say, d elements, and therefore γ(H) ≤ d. Consequently, the complexity cx T (X, Y ) is at most d.
The following result is the key ingredient in the proof of the main result.
Proposition 3.1. Suppose Fgc holds, let M and C be objects in T , and denote cx T (M, C) by c. Then if c ≥ 2, there exists a sequence
of objects and maps satisfying the following:
Proof. Suppose we have obtained the object K j−1 , where j ≥ 1 and cx T (K j−1 , C) = c − j + 1. If c − j + 1 > 1, then we construct an object K j and a map K j−1 fj − → K j as follows.
For every object X ∈ T there is a ring homomorphism H φX − − → Hom + T (X, X), such that the left and right scalar actions from H on Hom
is finitely generated. Therefore, by [Be1, Proposition 2.1], there exists a homogeneous element η j ∈ H nj , with n j > 0, such that scalar multiplication
in T . This triangle induces a long exact sequence
in cohomology, and so from [Be1, Proposition 3.1] we see that cx T (K j , C) = c − j. We end this process when we obtain the object K c−1 , which satisfies cx T (K c−1 , C) = 1. We need to show that the sequence
we have obtained satisfies (i), (ii) and (iii). It follows directly from the construction that cx T (K j , C) = c − j, hence (i) holds. To prove (ii), note that each triangle ( †) induces an exact sequence is nonzero in T , and so (ii) holds.
Finally, each triangle ( †) also gives rise to an exact sequence
in which, by construction, the rightmost map is injective for i ≫ 0. The map
must therefore be zero for large i, and so (iii) holds.
In order to state and prove the main result, we need to introduce the following notions. An object X ∈ T is periodic if it is isomorphic to X[n] for some n > 0. Furthermore, we say that an object C ∈ T is a periodicity generator if the implication cx T (X, C) = 1 =⇒ X periodic holds for every object X in T . For example, let Λ be a selfinjective Artin algebra with Jacobson radical r, and suppose Fg holds. Then by [Be1, Theorem 2.3], the module Λ/r is a periodicity generator of modΛ.
We are now ready to prove the main theorem. It shows that when the assumption Fgc holds, then the dimension of T is at least one less than the maximal complexity in T with respect to periodicity generators.
Theorem 3.2. If Fgc holds, then
for every periodicity generator C of T .
Proof. Suppose the dimension of T is finite, say dim T = d, and let M ∈ T be an object such that T = M d+1 . Let C be a periodicity generator of T , and denote cx T (M, C) by c. From Proposition 2.2 we know that cx T (X, C) ≤ c for every object X ∈ T , and so we want to show that d ≥ c − 1. If c = 1 there is nothing to prove, so we may suppose that c ≥ 2.
By Proposition 3.1 there exists a sequence
of objects and maps such that cx T (K j , C) = c − j, the composition f c−1 • · · · • f 1 is nonzero, and the map Hom
vanishes for large i. From the latter and [Be2, Lemma 2.1], we may conclude that for every object X ∈ M c−1 the map
vanishes for i ≫ 0. Now consider the object K c−1 . Since cx T (K c−1 , C) = 1 and the object C is a periodicity generator, there is an integer p > 0 such that
cannot vanish for any i ∈ Z. This shows that the object K c−1 does not belong to M c−1 , and consequently dim T ≥ c − 1.
Applications
In this final section we apply Theorem 3.2 in various situations, and obtain lower bounds for the dimensions of the stable derived categories of certain rings. In particular, we show that if an Artin algebra satisfies Fg, then it is a Gorenstein algebra (i.e. the algebra has finite injective dimension as a module), and the dimension of its stable category of maximal Cohen-Macaulay modules is at least one less than the maximal complexity occurring among its modules. This generalizes [Be2, Theorem 3.1] . Throughout this section, we suppose our commutative ring k is Artin, and we let Λ be an Artin k-algebra with Jacobson radical r. We denote by mod Λ the category of finitely generated Λ-modules.
Suppose Λ is Gorenstein, and denote by MCM(Λ) the category of maximal Cohen-Macaulay Λ-modules, i.e.
It follows from general cotilting theory that this is a Frobenius exact category, in which the projective injective objects are the projective Λ-modules, and the injective envelopes are the left add Λ-approximations. Therefore the stable category MCM(Λ), which is obtained by factoring out all morphisms which factor through projective Λ-modules, is a triangulated category. Its shift functor is given by cokernels of left add Λ-approximations, the inverse shift is the usual syzygy functor. Now let D b (Λ) be the bounded derived category of finitely generated Λ-modules. Furthermore, let D perf (Λ) be the thick subcategory of D b (Λ) consisting of objects isomorphic to bounded complexes of finitely generated projective Λ-modules. It follows from work by Buchweitz, Happel and Rickard (cf. [Buc] , [Hap] , [Ric] ) that MCM(Λ) and the quotient category D b (Λ)/D perf (Λ) are equivalent as triangulated categories. This will be of great importance in our setting, as the following result and its corollary show that an algebra satisfying Fg is Gorenstein. 
Next we show that the radical A H (M, Λ/r) of A H (M, Λ/r) equals that of A H (Λ/r, M ). Let η be an element of A H (M, Λ/r). Then there exists a number n ≥ 1 such that η n is an element of A H (M, Λ/r). We show by induction on length that given any module X ∈ mod Λ, some power of η belongs to A H (M, X). Since every simple module is a direct summand of Λ/r, the claim holds if ℓ Λ (X) = 1. Suppose ℓ Λ (X) > 1, and choose an exact sequence
of finitely generated H-modules. By induction, some power of η annihilates both the end terms, and so the same holds for the middle term. This proves the claim, and by taking X = M we see that η belongs to A H (M, M ). Since the scalar action from H on Ext * Λ (Λ/r, M ) factors through Ext * Λ (M, M ), we conclude that η is an element of A H (Λ/r, M ). This establishes the inclusion A H (M, Λ/r) ⊆ A H (Λ/r, M ), and the reverse inclusion is proved analogously.
Finally, note that given any graded ideal a ⊆ H, it follows from [Ben, Theorem 5.4.6(ii) ] that the Krull dimension of H/ a equals γ(H/ a). Moreover, the Krull dimension of H/ a equals that of H/ √ a. Now by combining this with all of the above we see that γ [Ext *
Proof. From the lemma we see that a finitely generated Λ-module has finite projective dimension precisely when it has finite injective dimension.
Having shown that algebras satisfying Fg are Gorenstein, we are now ready to prove the main result of this section. It shows that whenever an Artin algebra satisfies the finiteness condition, then the dimension of its stable derived category is at least one less than the maximal complexity occurring among its modules. The key to the proof is the fact that the stable derived category is equivalent to the stable category of maximal Cohen-Macaulay modules.
Proof. Since Λ is Gorenstein, the stable derived category Now we show that Λ/r is a periodicity generator in MCM(Λ). Let M be a module such that cx MCM(Λ) (M, Λ/r) = 1. Using precisely the same method as in the proof of Proposition 3.1, we obtain, for some n > 0, a triangle
in which cx MCM(Λ) (K, Λ/r) = 0. In other words, the rate of growth γ [Ext * Λ (K, Λ/r)] is zero, i.e. the module K has finite projective dimension. But then K is isomorphic to the zero object in MCM(Λ), giving M ≃ M [n]. This shows that Λ/r is a periodicity generator in MCM(Λ).
We may now apply Theorem 3.2 and get
However, for any object X ∈ MCM(Λ) the complexity cx MCM(Λ) (X, Λ/r) of the pair (X, Λ/r) is the same as the complexity cx X of X as a Λ-module. Moreover, the module Λ/r has maximal complexity among the Λ-modules. This finishes the proof.
This theorem generalizes [Be2, Theorem 3.1] . Indeed, if Λ is selfinjective, then its stable derived category D b (Λ)/D perf (Λ) is equivalent to the stable module category modΛ of Λ. Thus if Λ satisfies Fg, then Fgc holds for modΛ, and so dim(modΛ) ≥ cx Λ/r − 1 by the theorem.
Recall that the representation dimension of an Artin algebra Γ is defined as inf{gl. dim End Γ (X)}, where the infimum is taken over all X ∈ mod Γ generating and cogenerating mod Γ. Using Theorem 4.3 and [Ro2, Proposition 3.7] , we obtain a lower bound for the representation dimension of Artin algebras satisfying Fg. This result is a major generalization of [Be2, Theorem 3.2] . Namely, we do not have to assume that the algebra in question is selfinjective. As a corollary, we obtain the following result relating the representation dimension of an algebra to the Krull dimension of its Hochschild cohomology ring. This generalizes [Be2, Corollary 3.5 We now leave the realm of Artin algebras, and look at another class of rings satisfying a finite generation hypothesis similar to Fg, namely complete intersections. Let (A, m, k) be a commutative Noetherian local ring, and let M be a finitely generated A-module. Then M has a minimal free resolution
which is unique up to isomorphism. In this setting, the complexity of M is defined as
. Now let A be the completion of A with respect to the m-adic topology. Then A is called a complete intersection if A has a presentation A ≃ R/(x 1 , . . . , x c ), where R is a regular local ring and x 1 , . . . , x c is a regular sequence. If such a presentation exists, then there always exists one in which the length of the defining regular sequence is the codimension dim k m / m 2 − dim A of A (where dim A denotes the Krull dimension of A). Over a complete intersection every finitely generated module has finite complexity. In fact, it follows from [Gul, Theorem 2.3 ] that this property characterizes a complete intersection among the commutative local rings, and that it is equivalent to the complexity of the residue field being finite. Moreover, by a classical result of Tate (cf. [Tat, Theorem 6] ), the complexity of the simple module over a complete intersection equals the codimension of the ring.
Let A be a complete intersection of codimension c. By [Avr, Section 1] there exists a polynomial ring A[χ 1 , . . . , χ c ] in c commuting Eisenbud operators, such that for every finitely generated A-module X there is a homomorphism
of graded rings. For every finitely generated A-module Y , the left and right scalar actions on Ext * b A (X, Y ) coincide, and this graded A[χ 1 , . . . , χ c ]-module is finitely generated. Thus the completion A of A satisfies a finite generation hypothesis similar to Fg. Moreover, every complete intersection is Gorenstein, and this property is preserved under completions. The stable derived category
, which is equivalent to the stable category of maximal Cohen-Macaulay A-modules, therefore satisfies a condition similar to Fgc; the only difference is that the graded ring of cohomology operators is not of finite type over some ambient commutative Artin base ring.
We shall prove that the "complete intersection version" of Theorem 4.3 holds. In order to do this, we need the following lemma, which generalizes [Be1, Proposition 2.1].
Lemma 4.6. Let R be a commutative graded ring, and let X be a Noetherian graded R-module. Then there exists a homogeneous element r ∈ R, of positive degree, such that the multiplication map X i r − → X i+|r| is injective for large i.
Proof. Denote by R + the positive part ⊕ ∞ i=1 R i of R, and consider the graded submodule L def = {x ∈ X | R + x = 0} of X. Since X is Noetherian, this submodule is finitely generated, and by construction it is therefore also finitely generated as an R 0 -module (since R 0 = R/R + ). But R 0 lives only in one degree, and consequently L i = 0 for large i. The last part of the proof of [Be1, Proposition 2.1] now applies.
Having established this lemma, we now show that Theorem 4.3 carries over to complete intersections which are complete. Namely, the dimension of the stable derived category of such a ring is at least one less than its codimension. Using the notion of big Cohen-Macaulay modules, a somewhat stronger result has been proved by Avramov and Iyengar in [AvI] . Namely, they show that the dimension of D b (A)/D perf (A) is at least c − 1. We end this paper with the following theorem, which establishes Avramov and Iyengar's result for a special class of complete intersections. The theorem follows immediately from Theorem 4.7 and [KeV, Proposition 1.5]. 
